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1. (a) Use the half-angle identities (cos? 3= % and sin® 3= %) to evaluate

1
—dxz,
/ 1+ cos(z+a)

where a is a constant.

(b) Use part (a) to evaluate

1
/7_(&
1 —sinx



ID Number:

2. Projectile Dynamics Optimization:

The path of a projectile fired at an angle 8 (where 0 < § < 7/2) and initial speed vy from a
point (0,yp) in the z-y plane where yo > 0, can be expressed in terms of the equations

z(t) = (vocosh)t

1
—§gt2 + (v sin 0)t + yo

<

—~
~

=

Here z(t) represents the horizontal distance the projectile travels and y(t) represents the
height of the projectile above ground level (y = 0) as a function of time ¢. The projectile
starts at horizontal position z = 0 and is shot from an initial height above the ground yq
(when t = 0).

Identify the optimal value of 6 such that the horizontal distance traveled by the projectile
before it hits the ground (y = 0) is maximized. Please list your corresponding value of 6, the
projectile range (i.e. what is the initial angle and how far away does the projectile land?), and
explain how you arrived at your result.
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3. Let f:]0,1] — R be a continuous function such that f’ and f” are also continuous on [0, 1].

— , (1
/()
n=1
is convergent, then f(0) =0 and f/(0) = 0.
b. Conversely, show that if f(0) =0 and f’(0) = 0, then

> ()

n=1

a. Show that if the series

is convergent.

(Hint: You may consider using the Mean Value Theorem.)
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[ Problem | Steps | Poi
la Rewrite the integral as 3
1
———du.
/ 2 cos? %ra o
Use the substitution v = x;ra to rewrite the integral as 2
1
/ 5 du:/secZudu:tanu+C:tanx+a+C
cos? u
1b Use sinz = —cos (z + §) to rewrite the integral as [ mdm. 3
Use part a) to conclude that [ ——dx =tan (% +3)+C 2
2 Substitute in for ¢t and set y =0 2
(1) 0 = (9 22 + (tan6) z + yo
208 cos? 0
or
1
(2) 0 = 7§ga:2 + (v§ cos@sin 0) x + yovg cos® 0
This determines = = x(6) at the point where y = 0.
Now compute dz/df 3
gr dx gx2\ siné dx 1
3 0 = ———————|= tanf— + ——u,
®) v cos? 6 db ( v} ) ot 0 M T oz e”
or
dx 2 2 . 2 2 dx 2 .
(4) —9r s + vg [cos? 0 — sin® 6] & + v sin 6 cos 9@ — 2yovg cos B sin 0
Set dx/df = 0 to get and cancel constant factors to get 2
2 .
9Topt SIN oopt 1
b) 0 = - .
(5) v3 cos® Oopt + 082 Oopt Topt
or
(6) 0 = c08200ptTopt — Yo SN 26,p4
where we have used cos 26 = cos? 6 — sin? § and sin 26 = 2sin 6 cos 6.
Then, the optimal distance is 3

2

v
7 x —9

(7) opt gtanfgpt

or equivalently

(8) Zopt = Yo tan 20,pt

Putting either or these values of = back in equation (1) or (2) allows one to find the optimal
0 which has

(9) sin Qopt =

2
The value of any trig function of § would work.
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3a

Suppose that f(0) # 0 and wlog suppose f(0) > c¢. Then, there
exist N > 0 such that f(x) > ¢/2 and = € [0,1/N] so that

oo

n=N
a contradiction.
Alternatively, since the series is convergent, we have that

lim f(%) =0.

n—oo

On the other hand, since f is continuous at 0 and {%} converges
to 0, we have that

lim f(2) = f(lim ) = f(0) = 0.

n—oo n n—oo N

+oo>]§f(i>+§f(i) ijz_:llf(i)jtzg

= —|—OO7

3

Suppose that f/(0) # 0 and wlog suppose f'(0) > ¢. The ap-
plication of the mean value theorem to f on [0,1/n] leads to
f(/n) — f(0) = f(1/n) = f'(en)/n where 0 < e, < 1 and
lim,, o €, = 0. Then, there exist N € N such that f(e,) > ¢/2
for n > N so that

a contradiction.
Alternatively, Suppose that f/(0) # 0 and wlog suppose f'(0) =
¢ > 0. The application of the mean value theorem to f on [0,1/n]
leads to f(1/n) — f(0) = f(1/n) = f'(en)/n where 0 < e, <1
and lim,,_,s €, = 0. Then
f/(en)
lim
n—o00 P

=c>0,

thus, by the Limit Comparison Test, the given series has the same
nature as the harmonic series and, therefore, is divergent, which
contradicts the hypothesis.
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Apply the mean value theorem to f on [0,1/n] to obtain f(1/n) =
f(1/n) — f(0) = f'(en)/n for e, € (0,1/n), and again to f’ on
[0, e,] to obtain f'(e,) = f'(en) — f'(0) = f"(dyn)e, where d,, €

(0,e,). Hence
1 - — "d €n
()] = X urans -

n=1

oo

>

n=1

o0

n=1
Since absolute summability implies summability, the result fol-

lows.
(The last part of the proof could be stated as follows: Let

M = sup,¢(o1) [f"(x)]. Then for all n,
M

en
|f”(dn)|ﬁ < pox

Since the series 2211 % is convergent, by the Direct Comparison

Test, we have that the series
o0
e
SO ) 2
n=1

is convergent. Thus, the given series is absolutely convergent and,
therefore, convergent.)

> 1 1
"(d)]—= <[ su " — < +o0.
S < (s 1) 3%






